
Math 565: Functional Analysis
Lecture 20

Prop Inorm = max inner prod) . LetIt be an inner prod space.
For each xeH

,
11x1l = maxkx,y > /=maxkx,111 yl) =I

Proof. For any lylI1 ,
CBS gives kx,>1 Wyllilly(x11

,
so the max of Kx

,
331 is achieved by

y := EX Cassuming Xt0 : indeed , 1x,** 1 = # <,x = Kx1) .

Recall that in
any

wormed recor space , the function x11x11 is continuous
,
in fact

, 1-Lipschitz :

Ilx1-11y11)-1x-yll . In an inner product space , we also have (via Cauchy-B-Schwartz) :

Prop . In an inner prod space
H
,
the map >

: HxH-> Dis continuous.

Proof . Let xn-X
, yuty

and mode that

1(x
,x - 2xa, yui) = kx,y) - (xyy3 | + (exy, y)

- (xn
, yn2) = ((x- xe , ya| + 12x2, y -yay()+ 1x all(3-ya)

-> O as n-> & becase Kall-1x11 and 11x-xall
, 11ya-yll+ 0 .

Prop . LetIt be an inner pood . space . Then the following hold : Y
x + Y

(a) Parallelogram law : ((x + y ||+ 1(x -3)= 211x/12+ 211y11?
x
*

3
14

16) Polarization identity : (,3) = t 1x +kyll ?
= ! (((x + y (1- ((x - y(() + ti (l(x+ iy|- 1x- iy /1) Y

Theorem. An mormed rector space is an inner product space=> parallelogram law holds.

Inhis case , the inner product is defined by the polarization identity.
Proof. Optional HW.

Orthogonal projections.

Theorem
.

LetA be a closed convex subset of
a Hilbert space H .

Then for each hel

Ree is a unique book of minimum distance from b
,
:e . In-Roll : inflh-tell.

kEK



Proof
. By shift K and h by -h ,

we

may assume MOU Rat h=0
.

Put d == inf III.
nak

Note that by the parallelogram law and convexity , frany b
,
KEK

,
we have :

16-k'll" = 1lI4-t'll= 11kI"+ Elk'l-1k+u'll - Ellall"+ E11k'l- d? (d)

Existence
.

Let (km) K be sit
.
Iall-d an n->0

.

Then by (8).

↓ 11kn-kmll - EllkuEIKull-d -> O as min In
,
mi -> &

,

so (ku) is Lanchy ,
hence but some both by the completeness of H and MoredomK.

By the continuity of x11x11
,

1/ Koll = lin /hall = d
.

n--&

Uniqueness .

It botk be set
.
Ilkell = d

.
Then again by (4),

& Ilko-kill : Ell Koll + 11 kill - 12 = 0
,

so Ko = Ko.

For a subset A of an inner pood . sp . H
and hett

,
write htA : La for all atA.

Denote At := \hEH : h1A) .

Prop . At is a closed subspace of H and At = Espana)
+

Proof. That At is a subspace and At = SpanAlt follow from the bilinearity of the inner
product. Furthermore At = 1 ChEH : Ch

,
T = 03 10 At is closed by the continuity of 20 , a)

Similarly , (spanA)" = (spanA)+ the continuit of sh,o .

Lemma
.
Let It be an inner prod , space and MCH a subspace .

Then for each he H
,
motM,

no minimizes the dist(h
,
M)> h-mot M.

"1h-mo
T

Proof.
. Let mEM be a monzero rector

,
which we may assume to be a wait.

-mo M

Ut X := h-mo
.

Want : < X
,
MX = 0

, equir , projx := <X, m> m = 0 .
But X = proj + (x-projx) so by Pythagoras, Ilprojull" = 1x11-lx-projell" and
1) x-projxll = /Ih-(mo + <x, m>mills Ih-moll = 1x1) , so Il proj= 1x/-1x11"= 0 .

E
. Suppose h-mot M. Then EmeM ,

In-mll = Ih-motIno-will" = IIh-mollilmo-mllIh-moll
so mo is indeed closest th in M

,

i

. e. In-moll : infln-mll.
MEM



Cor
.
Let H be a Hilbert space and M: # be a closed subspace. Then for each helt

there is a unique recher in M
,
denoted projph and called the lorthogonall projection

of h oto M
,
such that -projph 1 M ; equir . Projph achieves dist/n

,
M).

Cor
.

LetH be a Hilbert space and MEH a closed subspace . Then every
htH uniquely decomposes as

h = projh + proje . In podcular , H = M + M

Proof
.

We only need to show that xi=-proj = projh . By the uniquenes of the projection, weol o
wed to check that n-x1 Mt.

.

But h-x = projh EM so huxt M
+

by def

Cor
.
Let It be a Hilbert space and M= H a closed subspace. Then (M +)= M.
In particular , (Att= spanA for

any subset A = H .

Proof
.

For each hEH
,
we have projh + projah = h = proje + proj , so proje = Projimit , hence

M = (M +)+

Riesz representation.

For ytH ,
note that fy : H + D by X H <X

, j
> is a bod linear functional. Indeed,

If
, (x)) = ((x , >3) = lly/IIIxII , so Ifyll = Kyl . In fact, IIfyll = Kyll because we can take

X := init (when
y +p) , so If(x)) = 1X, y > /=y,> = 1y11 .

In other words
,

y H fy : H + He is a conjugate-linear isometry because dy # I fy ·

Riesz rep.
thm

. For any Hilbert space H
,

the
map 2 : H+ H*: yt> by is an isometric

conjugate-linear isomorphism.

Proof
.
We just need to provecurjectivity . Let DEFEHF

.

Then M : = Kerf is a closed proper
subspace (His is the only place where the continuity off is used). Since H = M+Mt

,
M
+

= 103
,
so

7 unit UEMt . For euh x H
, fix-u) = 0 , so x-EM ,

henu- ,
us = P

,
i
.
e.

0 = (x- , u) = (x, n)- u
,
4) = (x

,
u7- T, f(x) = f(u)(x, u) = (, f(u)u) , so fify where yo-fluid .


